
4#6!t@N5W
4#6!t@K*1k Fourier Q9

Fourier Q9NtMW;!
tMc

^HaH#eN]j

4#6!t@KpE/

U<j(Q9NtMW;!

o}(5

E$L.gX!ps})X&fJ!ps&MCHo</)Xl6

2018/ 3n 15|JZK

o}(5 4#6!t@KpE/ U<j(Q9NtMW;!



4#6!t@N5W
4#6!t@K*1k Fourier Q9

Fourier Q9NtMW;!
tMc

^HaH#eN]j

&fN\*

FourierQ9

F [f ](ξ) =

∫ ∞

−∞
f (x) exp(−2πiξx) dx .

>hNtMQ,!GOW;,$qG"k

Jf (x),:jNY$XtNlgK%
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&fN\*

FourierQ9

F [f ](ξ) =

∫ ∞

−∞
f (x) exp(−2πiξx) dx .
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1. 4#6!t@N5W

4#6!t@J4#4W$1958/K

#GXt@KpE/lL=Xt@%

6!t (hyperfunction)
D"k#GrOXt F (z)N-&MN9

f (x) = F (x + i0) − F (x − i0).

F (z) : 6!t f (x)NjAXt
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1. 4#6!t@N5W

δ(x) = −
1

2πi

(

1

x + i0
−

1

x − i0

)

,

χ(−1,1)(x) =

{

1 x ∈ (−1, 1)

0 x 6∈ [−1, 1]
= −

1

2πi

[

log

(

x + 1 + i0

x − 1 + i0

)

− log

(

x + 1− i0

x − 1− i0

)]
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Im z
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Re F(z)
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Im z
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Re F(z)

δ(x)NjAXt χ(−1,1)(x)NjAXt
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CauchyNQ,j}&Q,x0Khj$

∫

I

f (x)δ(x − x0)dx = −
1

2πi

∫

I

f (x)

(

1

x − x0 + i0
−

1

x − x0 − i0

)

dx

=
1

2πi

∮

C

f (z)

z − x0
dz

= f (x0).

I

C

x0
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2. 4#6!t@K*1k FourierQ9

4#6!t@GO FourierQ9rINh&K7&+)
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2. 4#6!t@K*1k FourierQ9

4#6!t@GO FourierQ9rINh&K7&+)

F [f ](ξ) =

∫ +∞

−∞
f (x)e−2πiξx

dx

=

{
∫ 0

−∞
f (x)e−2πi(ξ+i0)x

dx +

∫ +∞

0
f (x)e−2πi(ξ−i0)x

dx

}

= lim
ǫ→0+

{
∫ 0

−∞
f (x)e−2πi(ξ+iǫ)x

dx +

∫ +∞

0
f (x)e−2πi(ξ−iǫ)x

dx

}

.

Q,

∫ ∞

−∞
f (x)e−2πiξx

dx ,LoNU#G8_7J$lgb$

}+xR e
−2πǫ|x |N*+2GQ,G-k%
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2. 4#6!t@K*1k FourierQ9

JcKf (x) = 1Nlg%

F [1](ξ) =

∫ 0

−∞
e
−2πi(ξ+i0)x

dx +

∫ ∞

0
e
−2πi(ξ−i0)x

dx

= −
1

2πi

(

1

ξ + i0
−

1

ξ − i0

)

,
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2. 4#6!t@K*1k FourierQ9

JcKf (x) = 1Nlg%

F [1](ξ) =

∫ 0

−∞
e
−2πi(ξ+i0)x

dx +

∫ ∞

0
e
−2πi(ξ−i0)x

dx

= −
1

2πi

(

1

ξ + i0
−

1

ξ − i0

)

,

∴ F [1](ξ) =

∫ ∞

−∞
exp(−2πiξx)dx = δ(ξ).
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2. 4#6!t@K*1k FourierQ9

F [f ](ξ) =

{
∫ 0

−∞
f (x)e−2πi(ξ+i0)x

dx +

∫ +∞

0
f (x)e−2πi(ξ−i0)x

dx

}

.
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2. 4#6!t@K*1k FourierQ9

F [f ](ξ) =

{
∫ 0

−∞
f (x)e−2πi(ξ+i0)x

dx +

∫ +∞

0
f (x)e−2πi(ξ−i0)x

dx

}

.

3lO F+(ξ + i0)− F−(ξ − i0)NAG"k
J#GrOXtN-&MN9K%
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2. 4#6!t@K*1k FourierQ9

F [f ](ξ) =

{
∫ 0

−∞
f (x)e−2πi(ξ+i0)x

dx +

∫ +∞

0
f (x)e−2πi(ξ−i0)x

dx

}

.

FourierQ9F [f ](ξ)D!NjAXt F±(ζ)rbD6!t

F [f ](ξ) = F+(ξ + i0) − F−(ξ − i0),

F+(ζ) =

∫ 0

−∞
f (x)e−2πiζx

dx ( Im ζ > 0 ),

F−(ζ) = −

∫ ∞

0
f (x)e−2πiζx

dx ( Im ζ < 0 ).
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2. 4#6!t@K*1k FourierQ9

F [f ](ξ) =

{
∫ 0

−∞
f (x)e−2πi(ξ+i0)x

dx +

∫ +∞

0
f (x)e−2πi(ξ−i0)x

dx

}

.

FourierQ9F [f ](ξ)D!NjAXt F±(ζ)rbD6!t

F [f ](ξ) = F+(ξ + i0) − F−(ξ − i0),

F+(ζ) =

∫ 0

−∞
f (x)e−2πiζx

dx ( Im ζ > 0 ),

F−(ζ) = −

∫ ∞

0
f (x)e−2πiζx

dx ( Im ζ < 0 ).

F±(ζ)rtMW;Gaak%
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3. FourierQ9NtMW;!

FourierQ9F [f ](ξ)NtMW;!%

$^N FourierQ9NjAH183Hrdk%

1 jAXt F±(ζ) ( ζ ∈ C \ R )raak%

2 =lrB4^GrO\39k'

F [f ](ξ) = F+(ξ + i0)− F−(ξ − i0) ( ξ ∈ R ).

F+(ζ) =

∫ 0

−∞
f (x)e−2πiζx

dx ( Im ζ > 0 ),

F−(ζ) = −

∫ ∞

0
f (x)e−2πiζx

dx ( Im ζ < 0 ).
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1. jAXt F±(ζ)r TayloritNAGaak%

ζ
(±)
0 (± Im ζ

(±)
0 > 0 )r,vK?(F$!N TayloritN8t

c
(±)
n rLoNtMQ,JDEx0KGW;9k%

F±(ζ) =

∞
∑

n=0

c
(±)
n (ζ − ζ

(±)
0 )n (± Im ζ

(±)
0 > 0 ),

c
(±)
n =

1

n!
F
(n)
± (ζ

(±)
0 ) = ±

1

n!

∫ ∞

0
(±2πix)nf (∓x)e±2πiζ

(±)
0 x

dx .

c
(±)
n r?(kQ,OoQ,Xt,XtXt*:j9kNG$

tMQ,OFWKT(k%

(± Im ζ
(±)
0 > 0 )
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3. FourierQ9NtMW;!

2. F±(ζ)rB4^GrO\39k%

Taylorit*",tJ}+hr-2kK

F±(ζ) =
a
(±)
1

1 +
a
(±)
2 (ζ − ζ

(±)
0 )

1 +
a
(±)
3 (ζ − ζ

(±)
0 )

1 +
. . .
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3. FourierQ9NtMW;!

2. F±(ζ)rB4^GrO\39k%

Taylorit*",tJ}+hr-2kK

F±(ζ) =
a
(±)
1

1 +
a
(±)
2 (ζ − ζ

(±)
0 )

1 +
a
(±)
3 (ζ − ζ

(±)
0 )

1 +
. . .

TayloritN8t c
(±)
n *",tN8t a

(±)
n D&9!

&9!O]am9Ke$*?\9i;
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2. F±(ζ)rB4^GrO\39k%

Taylorit*",tJ}+hr-2kK

F±(ζ) =
a
(±)
1

1 +
a
(±)
2 (ζ − ζ

(±)
0 )

1 +
a
(±)
3 (ζ − ζ

(±)
0 )

1 +
. . .

TayloritN8t c
(±)
n *",tN8t a

(±)
n D&9!

&9!O]am9Ke$*?\9i;

F [f ](ξ) = F+(ξ + i0) − F−(ξ − i0).
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4. tMc

(1) F [tanh(πx)](ξ) = −i cosech(πξ),

(2) F [(1 + x
2)−ν−1/2] =

2πν+1/2

Γ(ν + 1/2)
|ξ|νKν(2π|ξ|) ( ν = 1.5 ),

(3) F [log |x |](ξ) = −γδ(ξ) −
1

2|ξ|
.

3liN FourierQ9r\}!GW;7$m9r4Y?%

jAXt F±(ζ)N TayloritNf4'ζ
(±)
0 = ±i$

jAXt F±(ζ)N TayloritN8tO c0, . . . , c40rHQ
7?%

C++Wm0i`HQ$?\9i;J10J 100e$exflibK%
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4. tMc

-50

-40

-30

-20

-10

 0

-4 -2  0  2  4

lo
g1

0(
er

ro
r)

xi

(1)
(2)
(3)

D4'm9NoQPt

#4'ξ

(1) F [tanh(πx)](ξ), (2) F [(1+x
2)−ν−1/2](ξ), (3) F [log |x |].

tMQ,JDEx0KN8\@t'(1) 1330 (2) 1422 (3) 1430.
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4. tMc

jAXt

F±(λ) = ±

∫ ∞

0
f (∓x)e±2πiζx

dx

=

∞
∑

n=0

c
(±)
n (ζ − ζ

(±)
0 )n.

TayloritNf4'ζ
(±)
0 = ±i,

TayloritN8t

c
(±)
n = ±

1

n!

∫ ∞

0
(±2πix)nf (∓x) exp(−2πx)dx .
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4. tMc

jAXt

F±(λ) = ±

∫ ∞

0
f (∓x)e±2πiζx

dx

=

∞
∑

n=0

c
(±)
n (ζ − ζ

(±)
0 )n.

TayloritNf4'ζ
(±)
0 = ±i,

TayloritN8t

c
(±)
n = ±

1

n!

∫ ∞

0
(±2πix)nf (∓x) exp(−2πx)dx .

60Q,rW;;:K FourierQ9,W;G-?*
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4. tMc

{8NtMW;!HNfS%
1 DEx0& RichardsonC.

MD&.nJ~gt}&Vf?$339 (1978) 74–109).

lim
n→∞

∫ ∞

−∞

f (x) exp(−2πiξx)exp(−2−n|x |)dx .

y6 (J. Comp. Appl. Math., 17 (1987) 47–68).

lim
n→∞

∫ ∞

−∞

f (x) exp(−2πiξx)exp(−2−n
x
2)dx .

2 g:&9N DEx0
(J. Comp. Appl. Math., 38 (1991) 353–360).
tMQ,N8\@,oQ,XtNm@K^\a9kh&J

DEQ9%
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4. tMc

F [tanh(πx)](ξ) = −i cosech(πξ), ξ = 1.

?\9i;J10J 100e$exflibHQK%

\}!K*1k TayloritNf4'ζ
(±)
0 = 1± i%

tMQ,N m9

8\@t

\}!J4#6!t@K 2610 2.8 × 10−28

y6JRichardsonC.K 10060 9.1 × 10−20

g:&9N DEx0 948 5.0 × 10−25
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4. tMc

\}!O>hN DEx0& RichardsonC.KpE/}!hj
-zG"k%

g:&9N DEx0KO(oJ$%

7+7$\}!O FourierQ9H$&XtrW;7F$k
J>hN}!O$FourierQ9?Q,rW;7F$kK%
l6W;7?G<?r#tNzt ξKP9k FourierQ9
F [f ](ξ) NW;KH$^o7G-k%
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^HaH#eN]j

1 4#6!t@KpE/ FourierQ9NtMW;!rsF7?%
2 4#6!t'#GrOXtJjAXtKN-&MN9'
3 FourierQ9O4#6!tNlD%jAXtrW;%

B4+i%l?H3mGjAXtG"krOXtrW;%
jAXtr",tKhjB4eXrO\3%

4 tMc'>hN}!JDEx0& RichardsonC.KKfYF
z(*G"k%

#eN]j

1 \}!N}@m9rO%

2 LaplaceUQ9XN~Q%
3 ",trQ$?rO\3%
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^HaH#eN]j

1 4#6!t@KpE/ FourierQ9NtMW;!rsF7?%
2 4#6!t'#GrOXtJjAXtKN-&MN9'
3 FourierQ9O4#6!tNlD%jAXtrW;%

B4+i%l?H3mGjAXtG"krOXtrW;%
jAXtr",tKhjB4eXrO\3%

4 tMc'>hN}!JDEx0& RichardsonC.KKfYF
z(*G"k%

#eN]j

1 \}!N}@m9rO%

2 LaplaceUQ9XN~Q%
3 ",trQ$?rO\3%

Thank you very much!
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