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Jacobi D&M B

x = snu = sn(u; k)

ik

def /X dx
<~ u= )
0 VD1 - ko)

cnu=cn(u; k) =+1—sn?u

dnu=dn(u; k) =+1—k?sn?u

k(0<k<1)

sn(u+v) =
cn(u+v) =

dn(u+v) =

CBEL K =v1- k2 R

snucnvdnv +snvcnudnu

)

1— k2sn2usn2v
cnucnv —snudnusnvdnv

)

1—k%2sn2usn?v
dnudnv — k¥snucnusnvenv

1—k%?sn2usn?v
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,fﬁﬂﬂ
JEL
! dx P /S N
K = K(k) = / 1 e AES.
0 VI - k)
cnu ,snu K
Sn(U—f—K)fm, Cn(U-’-K)——k m, dn(u+K)7dnu’

sn(u+2K)=—snu, cn(u+2K)=—cnu, dn(u+2K)=dn,
sn(u+4K)=snu, cn(u+4K)=cnu.

1 T TS T T T 7T

05

sn, cn, dn
o
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@ Jacobi DFEMIBER sn, cn, dn B ERBEHMDOBEEICHILRT 5.

@ sn,cn, dn IZZERRIEHTH 3, ie
BRFHE D 2 AN EIHZ R,

sn(z+4K)=snz, sn(z+2iK'), etc.

[sn(2)l

orRrNwWAG

fi (3) Jacobi DFSHIBIRL (EHRBIR, —=EEHIME)



%3, sn,cn,dn OEBUEAEBUCHEERS 5. |

x=sn(u; k) <

s /X dx
o V(1T —x3)(1 - k2x2)

u=iv, x =iy & BK.

= sn(iv; v = Y dy
x = sn(ivi k). /o VA + )+ K2

y =tany £BL &,

o dy 2 1
y_cos2z/J’ L+y ~ cos? )’
(K'=V1-k?),
4 dep . / = e K
— 0 m, ie. ¥ =am(v;k') RIEEEIEL

1— k' sin? )
cos? )

1—|—k2y2:

7 B FEFIBE%GH (3) Jacobi DFEFIBI%L (BHRBIRL, —HFAMHIN)



siny) = sn(v; k'), cost = cn(v; k'),
sn(v; k')
en(v; k')’

y =tany =

x=sn(iv;k) =1y THo7h b,

sn(iv;k)—i% (k'=+V1-k2). \

cnu=+v1—-sn2u, dnu=+1-k2sn2u IZIRAL T,

en(iv; k) =

1 .y dn(v; k")
en(v; k')’ dn(ivi k) = en(v; k')’ \
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R BIRAN DHILR

sn,cn, dn DEBUE EEBRIHLRT 5. )

sn DINEEM Ty —iv B I iTkD,
sn(u; k) en(iv; k) dn(iv; k) + sn(iv; k) en(u; k) dn(u; k)
1 — k2sn?(u; k) sn?(iv; k)
1 dn(v; k")  .sn(v; k')
en(v; k') en(v; k') 1cn(v; k")
sn?(v; k')
cn?(v; k')
_sn(u; k)dn(v; k") + icn(u; k) dn(u; k) sn(v; k") en(v; k)
N cn?(v; k') + k2 sn?(u; k) sn?(v; k') '

cn, dn IZOWT B ARDFREZ1T S

sn(u+iv; k) =

sn(u; k) cn(u; k) dn(u; k)

1+ k®sn’(u; k)
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R BIRAN DHILR

HZBE L LTD sn,cn,dn

sn(u; k)dn(v; k') +icn(u; k) dn(u; k) sn(v; k") en(v; k')

sn(u +ivi k) = cn?(v; k") + k2 sn?(u; k) sn?(v; k') ’
. cn(u; k)en(v; k') —isn(u; k) dn(u; k) sn(v; k") dn(v; k)
en(u +1vi k) cn?(v; k') + k2 sn2(u; k) sn?(v; k') ’
o C Lt LY L2 5 . Lt
dn(u+ivi k) = dn(u; k) en(v; k") dn(v; k") — ik? sn(u; k) en(u; k) sn(v; k')

cn?(v; k') + k?sn?(u; k) sn?(v; k')

(K =v1-k2).
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R BIRA DR

Yz v=K (K =K(K))tBWT,

i dn(u; k)
ko sn(u; k)’

1
iK' k)= ———— iK' k) =
sn(u+1K'; k) fon( k)’ en(u+1K'; k)

et .cn(u; k
dn(u+iK'; k) = _lsngu; k;'
sn(u+ 2iK'; k) = sn(u; k), cn(u+ 2iK’; k) = —cn(u; k),
dn(u + 2iK’; k) = — dn(u; k).
cn(u + 2K +2iK'; k) = en(u; k),  dn(u + 4iK’; k) = dn(u; k).

sn(u; k) X 2iK" &, cn(u; k) 13 2K + 21K’ %2, dn(u; k) 1% 4iK' %
i HO.
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:%}Eﬂﬂlrﬁi, %JI\\ ° EFTJ‘/\JI\

sn, cn, dn @ & EHAM:

sn,cn, dn IZZEHEHEKTH 5, e,
BHREFHEAND 2 HTAN A Z .

JEI
sn(u; k) 4K, 2iK’
cn(u; k) 4K, 2K + 2iK’
dn(u; k) 2K, 4iK’

S =
sn,cn,dn DF A - FRE N

sn 2mK + 2inK’ 2mK + (2n+ 1)iK’
cn (2m+ 1)K + 2inK’ 2mK + (2n+ 1)iK’
dn  2m+1)K+ (2n+1)iK" 2mK + (2n+ 1)iK’

(m, n 1XEHD)
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=

sn,cn, dn DERL + KPR

N PP
ik i ke
A Wk —1/k
iK' iK'’
=4—0 ,
b— 0——4—0 0 e
sn cn dn

sn, cn,dn OfHE.
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sn,cn, dn I3FEATRIEL T D %

z=u+iv & BKL.

snz,cnz, dn z (ZFENTRBEELCTH %
FrEE 2mK + (2n + 1)iK" (m, n I3EED) %2RV . J

DD,
f(u,v) = Resn(u+iv, k), g(u,v)=Imsn(u+iv;k)
'¥ Cauchy-Riemann O BRI 27z ¢
of _og Of _ Og

du  dv' dv  du
cn,dn IZDOWTHEKTH 5.
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sn,cn, dn I3FEATRIEL T D %

£9, FEBEEYL LTODsn, cn,dn ODEEEKERD 3.
x=snu &BL &,

dx 2 2,2
a:\/(l—x)(l—kx),

cnu=+v1-sn2u, dnu=+/1—-k?sn?u

TH26,

ian*cnudnu
du o '

cn’u=1-—sn?u, dnu=1-Kk?snu

DRGAZMITT 25 LiTED,

—cnu=—snudnu, —dnu=—k?*snucnu.
du du
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sn,cn, dn I3FEATRIEL T D %

sn(u + iv; k) A% Cauchy-Riemann BAfEX 2723 2 & DFERA (KRS .
A D7D, snu=sn(u; k), snv =sn(v; k') RELET.
f(u,v) = Resn(u+1iv; k) = m
T 1 —dn? Rty
g(u,v) = Imsn(u+iv; k) = cn udn usnveny aniznv
1 —dn” usn“v
(en’v + kK*sn’ usn'v =cn'v + (1 —dn’u)sn’v = 1 —dn’ usnov  ICHER).

of _ (snu)dnv sn udnv(— dn? u)’sn?v

du  1—dn’us®v (1 —dn® usn2v)?
_cnudnudnv | snudnv - 2(—k®sn uen u) dn uSRZY
- 1—dn?usn’y (1 — dn? usn?v)?2

_cnudnudnv(l — dn® ush®v — 2k® sn® usA° V)
B (1 — dn? usn?v)?
_cnudnudnv(en’y — k? sn® ushv)

N (1 — dn? usn?v)? ’
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sn,cn, dn I3FEATRIEL T D %

O0g _ cnudnu(3av)'env + cnudnusnv(env) | cnudnusaveny - dn? u(sR’v)’

ov 1 — dn? usn?v (1 — dn? usn?v)?2
_cnudnuen’vdny —cnudnudi’vdny | 2cnudn® usRveny - sAvERvdny
B 1 — dn? usn?v (1 — dn? usn?v)?

cnudn udnv [(er’v —sn°v)((1 — dn’ usA®v) + 2dn’sA°vEn-v]
(1 — dn? usn?v)?2 ’
DFOD[--] = (2er°v — 1)(1 — dn® usA°v) + 2dn” usA°vEn v

=2en’v — 1 + dn® ush’v

—2 =2 2 2
=cn'v—5snv+dn°usnv
_2 2_ 2 _ 2
=cnv — k“sn“ usn“v,
O0g _ cnudnudnv(en’v — k*sn’ usn’v)  Of
ov (1 — dn? u3n?v)2 du’
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sn,cn, dn I3FEATRIEL T D %

af _ snu(dnv)’ sn udnv dn? u(sn®v)’
ov 1 —dn®usn’v (1 — dn? usA?v)?2

2 _ _ e
k’*snusavenv  2sn udnv dn® uSAvenvdny
1 — dn? usR2v (1 — dn? usn?v)?

sn usnvenv [—k'2(1 — dn? usA%v) 4 2dn? uﬁ2v]
- (1 — dn? usn?v)?2 ’
SFD -] =k dn? usn?v — k> + 2dn? udn v
= dn’u(l+dn'v) — k',

of  shusnvenv [an u(l+ dn’ v) — k'Q}

v (1 — dn? u3n?v)?2
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sn,cn, dn I3FEATRIEL T D %

dg _ (cnu) dnusnvenv + cn u(dnu)’savenv | cn udn usnvenv(dn® u)'sn°v

Jdu 1 — dn? usR?v (1 — dn? u3R?v)?
P — 2 2 2 2 2 3
—snudn® usnvenv — k“snucn® usnvenv 2k sn ucn® udn® usn’venv

1 — dn? usn2v (1 — dn? usn?v)?

sn usnvenv [(dn® u + k*en® u)(1 — dn” usn®v) + 2k* en® udn® usn’v]
(1 — dn? u3n?v)2 ’

2 2 2 4 2 2 2 2
dn®u+ k“cn“u—dn  usnv + k“ecn“ udn® usn“v

DTD -]
= — Kk +2dn® u+ dn® usA°v(k? cn® u — dn’ u)

— K? 4+ 2dn?u — k"> dn? sy

dn’® u(1 +%2V) — K2,

dg _ _sn vsavenv[dn? u(1 +%2v) — k" of

ou (1 — dn? usn?v)?2 T

WZIZ, f(u,v) =Resn(u+iv; k), g(u,v) =Imsn(u+iv; k) IZ
Cauchy-Riemann AR % 72 3.
cn,dn IZDOWTH, Cauchy-Riemann BIRIOBI I RE 5 (FiESHE) .
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sn,cn, dn DHE

@ sn(z; k), en(z; k), dn(z; k) I FREZRFH CIl2BIF 2
HEARBEHKTH 5.
« A IRRUBIRYL | M B TRRATHY 72 BA S

sn’(z; k) = cn(z; k) dn(z; k),
cn’(z; k) = —sn(z; k) dn(z; k),
dn'(z; k) = — k?sn(z; k) cn(z; k).

@ sn(z; k), cn(z; k), dn(z; k) ZZERFHARKTDH 5,
e, EERTVHAND 2 AN A Z RO,

JEI A
sn(z; k) 4K, 21K’
cn(z; k) 4K, 2K + 21K’
dn(z; k) 2K, 4iK’
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sn,cn, dn DHE

Isn(2)|

ORLrNWhAO

|sn(z; k)| D257 (k=+05).

3) Jacobi DFFMHBIR (BHBIR, —FEEME)



sn,cn, dn DHE

o FER L (m,ni3ERD

sn(z; k) 2mK + 2inK’ 2mK + (2n + 1)iK’

cn(z; k) (2m+ 1)K + 2inK’ 2mK + (2n+ 1)iK’
k)  (2m+1)K+@n+1)iK' 2mK + (2n + 1)iK’

INHDER - MIXITARTIMUTH 5.
LROBRSLATHE L.
sniZDOWT, (snz) =cnzdnz &b, BH z=2mK +2inK' IZBWVT
(snz) #0, etc.
LEoMmps 1 iTHhs I L.
sn IZ2WT, sn(z+iK') = 1/(ksnz) IZERETHUL, sn D
z=2mK+ (2n+1)iK' 321 TH2Z &hbh 3, etc
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sn,cn, dn DHE

N PP
ik i ke
A Wk —1/k
iK' iK'’
=4—0 ,
b— 0——4—0 0 e
sn cn dn

sn, cn,dn OfHE.
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BB E D — Ry E &

sn,cn,dn DEELHE
snz, cnz, dnz I 2ERFECHEHAITH 3 _EHEAHABEKTH 5. J
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HEFRE R D — R E %

sn,cn,dn DEELHE
snz, cnz, dnz I 2ERFECHEHAITH 3 _EHEAHABEKTH 5.

BFHBR D E
EEFVH C THHAITSH 2 “HEAMBBR 2B L L.

sn, cn, dn I3AEMBIRDOBITH 5.

RENZ, FEHBEBO KGRI OWTERET.
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(fHiE) cn iZXf LT Cauchy-Riemann BAfR= % HERR

cn ucnv
f(u,v) = Recn(u+iv; k) = —————,
(u,v) (u+ivik) 1 — dn? usR?v
. sn udn usavdny
glu,v)=Imen(u+ivi k) = ——————.
1 —dn” usn“v

of _ (cnu)Tav cn ugnv(dn? u)'sAv

ou ~ 1—dn? usn?v (1 — dn? usn?v)?
_ sn udn ucnv »cn ugnvsn ucn udn USAZY
1 —dn?usRly (1 — dn? u3A?v)?

_ snudnuenv(l — dn? usA?v + 2k? cn? usA%V)
(1 — dn? usn?v)?
DFOD () =1—(1—k*sn’ u)sn’v + 2k*(1 — sn” u)si’v
=14 (2k> —1)sA°v — k® sn” usA v,
Of _ snudnucnv[l + (2k* — 1)5n°%v — k* sn? usn?v]
ou (1 — dn? usn?v)? '

I
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(fHiE) cn iZXf LT Cauchy-Riemann BAfR= % HERR

dg _ snudnu[(snv)'dnv +3sav(dnv)’]  snudnusnvdnvdn® u(sn’v)’
B 1 — dn? usn2v (1 — dn? usn?v)?

ov
— T2 12—2 —
snudn u[envdn’v — k'“SR“venv]

_ 2snudn usnvdnv dn? usnvenvdny
1 — dn? usn?v (1 — dn? usn?v)?
_ snudnuenv[(1 - 2k"*sn%v)(1 — dn? usR?v) + 2dn? UEZVHQV]
(1 — dn? u3R?v)? ’

BFD[] = (1 — 2k’ s0%v)(1 — dn? usA®v) + 2dn® usR?v(1 — k'*sA%v)

=1- 2k/2$_nQv+dn UsRY

=1+ (2k* —1)sA°v — k*sn® usAv,
3_g _snudnuenv(l + (2k* — 1)sn°v — k®sn” usn®v] _ Of
ov (1 — dn? usn?v)? T ou’
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(fHiE) cn iZXf LT Cauchy-Riemann BAfR= % HERR

of _ cnu(env) cn uenav dn? u(sRv)’

dv 1 —dn?usn?v (1 — dn? usn?v)?
cnusavdny  2cn uehv dn? usAvEnvdny
1 —dn?sn?v (1 — dn? usn?v)?2

cn usnvdnv[—(1 — dn? usR?v) 4 2dn? ucn?v]
(1 — dn? u3A?v)?2
_ cnusnvdnv(—1+ 2dn® u — dn® usn°v)
- (1 — dn? u3n?v)?
g [(sn ) dnu+ sn u(dn u)JsAvdny _snudn usAvdnv(dn? u)'sA%v

ou 1 — dn? usn2v (1 — dn? usn?v)?

_cn usivdnv(dn? u — k? sn? u) L2 udn usidvdnvsnucnudnu

1 — dn? usn2v (1 — dn? usn?v)?2
cn usavdnv[—(2dn? u — 1)(1 — dn? usA?v) 4 2k? sn? u dn? UsA°V]
(1 — dn? usn?v)?

)
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(fHiE) cn iZXf LT Cauchy-Riemann BAfR= % HERR

4 2

DFD[--]= —2dn’ u+1+2dn* isBA’v — dn® usA’v + 2(1 — dn® u) dn® UsA°vV
=1—2dn? u+dn? usn® v,
Jdg _cn usnvdny(1l — 2dn” u 4+ dn’ usA’v)  Of
ou (1 — dn? usn?v)?2 ov’
BLEED, en(u+iv; k) DEER - EEEIE Cauchy-Riemann BAfRA & i/ 3
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(fHiE2) dn IR L T Cauchy-Riemann BEfRZ % RS

dn uCavdnv

f(u,v) = Red iv; k) = Snuchvdny
(u, v) edn(u +iv; k) R
g(u,v) = Imdn(u +iv; k) = _kQM
1 — dn? usR?v

Of _ (dnu)envdnv  dnucnvdnv(dn® u)'sn’v

du 1 —dn®usn’v (1 — dn? usR?v)?
>sn ucnucnvdnyv ,sn ucn udn? usAZvenvdny
1 — dn? usR2v (1 — dn? usn?v)?

2sn ucn uenvdnv(1 + dn? usn?v)

=k (1 — dn? usn?v)?2
g asnucn u(sav)’ 2sn ucn usnv dn? u(3R%v)’
ov 1 — dn? usn?v (1 — dn? usn?v)?2
kzsn ucn ucavdnv _5 ,sn ucn usnv dn? usSAvenvdny
1 — dn? usn?v (1 — dn? usA?v)?

»snucnuenvdny(l +dn® ush®v) of
(1 — dn? usn?v)? T ou’
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(fHiE2) dn IR L T Cauchy-Riemann BEfRZ % RS

Of _ dnu[(cv)'dnv +cav(dnv)’] n dn ucnvdnv dn? u(sR°v)’

v 1 —dn? usn?v (1 — dn? usn?v)?
_ dnufsivdn’v + K%sAver®v]  _dn ulsaver’vdn’y
N 1 — dn? usR?v (1 — dn? u3A?v)?

~dn usAv[—(1 + k> — 2k"*sn?v)(1 — dn? usn®v) + 2dn? ucn 2ydn’ v]
(1 — dn? usR?v)?

— (14 Kk'* — 2k"*sn%v)(1 — dn® usn’v)
+2dn® u(1 —3A°v)(1 — k'zs_n2v)

BFO[]

122

= —1—k/2—(1+k/ )dn® usA’v + 2k"*5A%v 4 2dn’ u

= 24K (2 K)(1 - Ksn® u)siv + 2(1 — K2)sitv
+2(1 — k*sn” u)

= k’[1 —2sn” u—5A°v 4 (2 — k) sn® usA V]

g:k21—25n2u—ﬁzv+(2—k2)sn2u52v

ov (1 — dn? usR?v)? '
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(fHiE2) dn IR L T Cauchy-Riemann BEfRZ % RS

og _ e [(snu)’ cnu+snu(cnu)]snv ,esnucn usnv(dn? u)'sn?v
ou 1 —dn? usnv (1 — dn? usnv)?
_ e (cn? udn u — sn? udn u)sAv n 2k45n2 ucn? udn usncy
N 1 —dn? usnv (1 —dn? us_nv)2
e dnusnv[(1 — 2sn? u)(1 — dn? usR?v) — 2k? sn® ucn? USR]
N (1 — dn? u3Av)?2 ’
DFD[--]=1—2sn’u—dn’ usi’v + 2sn” udn’ usA°v — 2k” sn” ucn’ usA° v

=1-—2sn’u— (1 — k*sn® u)si’v +2sn” u(1 — k® sn” u)sA’v
— 2k sn® u(1 — sn® u)sA’v
=1—2sn’u—3nv + (2 — k*)sn’ usAv,
9g _ _,2dn uSiv[l — 2sn’u —SA%v + (2 — k*)sn® usR®v] _ Of

Ou (1 — dn? u3A?v)? S ov

BEXD, dn(u+iv; k) OEEB - BEHRIZH LT Cauchy-Riemann BIfR=RAR &
nr.
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